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Directivity in presence of turbulence

Acoustic far-field directivity:

─ Integral solution of FW-H equation is widely used (Farassat, 1983).

─ The volume integral is often neglected for computational efficiency.

─ Spurious waves will be induced when there are convecting turbulence in 
an inhomogeneous background flow.

There is a need to develop surface integral methods for robust, 
accurate computation of the far-field directivities to account for the 
presence of turbulence and non-uniform background mean flow.



Acoustic far-field prediction methods based on 
surface integral solutions



Existing strategies and methods

Using on-body integration surfaces.

Using open section integration surfaces.

Using correction terms as substantial of the omitted volume sources 
(Lockard & Casper 2004; Ikeda et al. 2013, 2017; Rahier et al., 2015).

Taking average of FW-H results by multiple integration surfaces (Shur et 

al. 2005; Spalart et al. 2009, 2011).

Using a transition zone instead of single surface (Wright & Morfey, 2015).

These methods are mainly based on the FW-H equation.



Integral solutions to the FW-H equation

The FW-H equation:
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M1: Surface integral solution to the FW-H equation using a single 
integration surface (Brentner & Farassat, 1998).

M2: Taking average of the results by different integration surfaces 
by M1 (Shur et al. 2005; Spalart et al. 2009, 2011).
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M0: use the indirect acoustic variable 𝒟𝑐𝑝′

In the near field of turbulent flow, the non-acoustic parts are also 
included in the flow variables.

The principle idea is to filter out the non-acoustic components 
using some operators…

The flow governing Eqs. are analogous to:
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The eddies are mainly convected by the mean flow (Taylor, 1938):
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Sound propagation 

in the far-field

Remaining terms in 

the flow equation



M0 : use the indirect acoustic variable 𝒟𝑐𝑝′

Applying the operator 𝒟𝑐 to the fluctuation variables and eliminate 
the variable 𝒟𝑐𝒖

′, we obtain that:
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For sound extrapolation equations:
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M0: Definitions of 𝑝0, 𝒖𝟎 and 𝒖𝒄

There might be different definitions of the mean flow and 
fluctuation variables:

─ They should be identical to the mean flow variables in the far field.

─ Different definition can influence the source distributions of 𝑇𝑣.

Definition of the mean pressure:

𝑝0 = 𝑝 = lim
𝑇→∞
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𝑝 𝑡 d𝑡 , 𝑝′ = 𝑝 − 𝑝0.

Definition of mean and convection velocity:

𝒖0 = 𝒖𝒄 =
𝜌𝒖

𝜌
, 𝒖′ = 𝒖 − 𝒖0.



Applications to a co-flowing jet



𝑀∞ = 0.2, 𝑀𝑗 = 0.8 and 𝑅𝑒 = 8000, the flow is turbulent.

An established DNS database (Sandberg & Tester, 2016).

Off-body integration surfaces cross the jet region.

Co-flowing jet noise

𝛻𝜌
𝛻 ⋅ 𝒖



Configurations

Integration surfaces: 

– Cylindrical permeable integration surface;

– The surface is closed in the jet region;

– The radius of the surfaces: 𝑟 = 4𝑟0;

– Locations of of the surface ends:

– The source panels are assigned on the computational grid points;

– Observer distance is 𝑟𝑜 = 1000𝑟0: sufficiently large.

Surfaces S1 S2 S3 S4

Locations 30𝑟0 35𝑟0 40𝑟0 45𝑟0



M0: the predicted spectra

𝜃 = 0∘ 𝜃 = 30∘

𝜃 = 60∘ 𝜃 = 90∘

Zhong & Zhang, 2018



M0: the predicted far-field directivities

𝑟𝑜 = 250𝐷

𝑟𝑜 = 40𝐷

Results by different integration 

surfaces are consistent.

The prediction matches well with 

the DNS data measured directly.



M1: single FW-H surface

𝜃 = 30∘

Results by different integration 
surfaces are inconsistent.

The far-field directivities seem to 
be incorrect:

─ This is expected because non-
acoustic components are 
included in the source terms .



M2: taking average of multiple FW-H surfaces

Multiple integration surfaces are placed near the center surface.

FW-H solution for each integration surface is computed.

The predicted results by different integration surfaces are averaged 
in the frequency domain.

The performance is influence by the number of integration surfaces, 
and the distance Δ

– In this work, Δ = 0.5 and the influence of  𝑁 is investigated

ℒ Δ



M2: influence of the number of surfaces 𝑁

𝜃 = 30∘ 𝜃 = 60∘

𝜃 = 90∘



M2: influence of the centre integration surface

M2 also gives consistent prediction 
results for different centre surfaces. 

The results match reasonably well 
with the M0 (the 𝒟𝒄𝑝

′ method):

─ for cases with 𝑁 ≥ 7.

However, differences can still be 
found at higher observer angles: 

─ Results by M2 are sensitive to 𝑁;

─ More efforts are required to figure 
out the reason of this…



Computational cost

Input variables for the FW-H solver:

– 5 variables: 𝜌, 𝒖, 𝑝

Input variables for the 𝒟𝑐𝑝′ method

– Could be only 4 variables: 𝑞′ = 𝒟𝑐𝑝
′ =

𝜕

𝜕𝑡
+ 𝒖𝟎 ⋅ 𝛻 𝑝′, 𝛻𝑞′

– For the current study using an existed CFD data, 26 variables are used 

to extract 𝑞′ and its derivatives: 𝜌, 𝛻𝜌, 𝒖, 𝛻𝒖, 𝑝, 𝛻𝑝′, 
𝜕2𝑝

𝜕𝑥𝑖𝜕𝑥𝑗

Methods M1 M2 M0

Storage (GB) 9.2 9.2×N 45.6

Time cost (s) 23299 23299×N 34466



Summary

The far-field prediction methods for turbulent flow:

– M0: Using an indirect acoustic variable 𝒟𝑐𝑝′ to filter out the non-
acoustic components.

– M2: Taking average of multiple FW-H integration surfaces to 
cancel the random errors by the turbulent flow.

Consistency: both methods can yield consistent results for 
different integration surfaces.

Results by M2 match reasonably well with M0 at 𝜃 ∈ 0∘, 75∘ if 
more integration surfaces are used.

There are difference between the results by M0 and M2 at high 
observer angles:

─ Possibly, the number and location of the integration surfaces by the M2

method should be optimized.
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𝑀∞ = 0.2, and 𝑅𝑒 = 1000.

The loading noise is the dominant 

source of sound:

The on-body FW-H method can 

yield an accurate prediction.

Cylinder flow noise

S1 S2 S3 S4 S5 S6 S7

𝐸𝑎 2 3 4 5 5 5 5

𝐸𝑏 2 3 4 4 4 4 5

𝐸𝑐 0 0 0 0 1 2 3

𝐸𝑎

𝐸𝑏

𝐸𝑐



Spectra at 𝜃 = 90∘ by the 𝒟𝑐𝑝′ method

S1

S2

Larger errors by S1 and S2 where the vortices are still developing.

Results by other surfaces are close to the on-body FW-H method.

On-body FW-H



Predictions by the 𝒟𝑐𝑝′ method

Relatively larger errors at low/high observer angles.

The off-body predictions match fairly well with the on-body 
FW-H results.

1st harmonic OASPL



M3: filter out the vortical wave

• For turbulent flows, non-acoustic components are contained in the 
surface source terms of the FW-H equation

• A rearrangement of the FW-H equation (Zhong & Zhang, 2017)

𝜕
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2
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− 𝛾𝑝0𝛻 ⋅ 𝑺𝑢.

• The formulation of the source terms 𝑆𝑝 and 𝑺𝒖
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𝜌0
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− 𝒖′ ⋅ 𝛻𝒖′ −
𝜌′𝛻𝑝′

𝜌0(𝜌0+𝜌
′)

𝑆𝑝 = 𝒖∞ − 𝒖𝟎 ⋅ 𝛻𝑝′ + 𝛾 𝑝∞ − 𝑝0 𝛻 ⋅ 𝒖′ − 𝒖′ ⋅ 𝛻𝑝0 + 𝛾𝑝′𝛻 ⋅ 𝒖𝟎 − 𝒖′ ⋅ 𝛻𝑝′ + 𝛾𝑝′𝛻 ⋅ 𝒖′

• The 𝛻 ⋅ and 𝐷 =
𝜕

𝜕𝑡
+ 𝒖∞ ⋅ 𝛻 are act on 𝒖′

– Non-acoustic components are efficiently filtered out for turbulences 
dominated by vortical waves



M3: filter out the vortical wave

The vortical waves can be filtered out based on the divergence-free 
and convection motion properties (Zhong & Zhang, 2017).

However, convecting (non-acoustic) pressure fluctuations are also 
included in the surface sources (for general turbulent flows).

Error by the on-body solution



Results by filtering vortical waves

Spectra at 𝜃 = 30∘

• Results by different integration 
surfaces are inconsistent

• The predicted far-field directivities 
seem to be incorrect

• The turbulence contains not only 
vortical waves, but also convecting 
pressure fluctuations

• The turbulent velocity components is 
also not divergence free in the jet 
region



“Sources” of different acoustic analogies

Lighthill

Lilley

𝒟𝑐𝑝′ method


